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Abstract
General formula for symmetry factors (S-factor) of Feynman diagrams con-
taining fields with high spins is derived. We prove that symmetry factors of
Feynman diagrams of well-known theories do not depend on spins of fields. In
contributions to S-factors, self-conjugate fields and non self-conjugate fields play
the same roles as real scalar fields and complex scalar fields, respectively. Thus,
the formula of S-factors for scalar theories — theories include only real and com-
plex scalar fields — works on all well-known theories of fields with high spins.Two
interesting consequences deduced from our result are : (i) S-factors of all exter-
nal connected diagrams consisting of only vertices with three different fields, e.g.,
spinor QED, are equal to unity; (ii) some diagrams with different topologies can
contribute the same factor, leading to the result that the inverse S-factor for the
total contribution is the sum of inverse S-factors, i.e., 1/S =
∑
i(1/Si).
PACS number(s): 11.15.Bt, 12.39.St.
Keywords: General properties of perturbation theory, Factorization.
1 Introduction
In literature, using perturbation theory and Feynman rules, a general Green’s function
of an arbitrary theory can be written in terms of sum of Feynman diagrams. Each
diagram is associated with a factor known as symmetry factor (S-factor). There are
some ways to calculate this factor such as given in [1] (for more details, see [2–5])
using functional derivative method. A computer program [6] is also written based on
this method to find out S-factors of higher-order diagrams from the lower-order ones.
Other independent approaches base directly on computer programs such as [7, 8]. S-
factors can also be evaluated by using Wick’s theorem, available in many textbooks
(see, for example [9–13]). But the disadvantage of these books as well as the methods
mentioned above is none of them give out any general formulas. We can see that
Ref. [9] has an expression for connected diagrams of real scalar theories, Ref. [13] has
some comments about S-factors for scalar electrodynamics, Ref. [10] for real scalar
φ4 and some particular illustrations in Standard Model. Especially, the very detailed
investigation into S-factors, which are very close to weights of Feynman diagrams in φ4
theories was presented in [15]. Refs. [16, 17] also contain S-factors of some particular
diagrams in QCD.
This paper is the development of [14] in which we derived the S-factors for Feyn-
man diagrams of theories with scalar fields. The definition of S-factor can be found
in [10]. We can understand this as follows. Using Wick’s theorem for expanding a
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Green function one often encounters many terms whose contractions are different but
contributions are the same. The S-factor is the number of identical terms which are
repeatedly counted. In language of Feynman diagram, this factor turns out to be the
product of total number of (symmetry) permutations of all vertices and all internal
propagators in the diagram, which create new identical diagrams with factors caused
by bubbles. In Ref. [14] we have concentrated on two types of fields, namely real and
complex scalar fields, and have noted that the distinction between these fields is very
important because they contribute different factors to the formula of S-factor [14]:
S = g2β2d
∏
n
(n!)αn , (1)
where g is the number of interchanges of vertices leaving the diagram topologically
unchanged, β is the number of lines connecting a vertex to itself (β is zero if the field is
complex), d is the number of double bubbles, and αn is the number of sets of n-identical
lines connecting the same two vertices.
In this paper, by considering some particular cases, we will indicate precisely
that in calculating S-factors, we can classify all well-known fields into two classes.
The first class comprises self-conjugate fields for which the particle is the same as the
antiparticle, such as the real Higgs scalar σ in the Standard Model, the photon and
the Z boson. We will often refer to this class to be the real scalar-like. The second, all
non self-conjugate fields — such as charged particles — will be referred to as complex
scalar-like. In analogy with the leptons where e−, µ− and τ− are called “particles”
and e+, µ+ and τ+ are called “antiparticles”, hereafter we adopt the convention that
the negative electric charged scalar/vector fields (for example pi−,W−) will be called
particles. Keeping these remarks in mind, we then redefine parameters g, d, n and αn
of (1) (detailed in the conclusion), then the formula works on all cases.
One more interesting point we would like to mention about this paper is that a
simple method of calculating the SF of a particular Feynman diagram emerges directly
from the graphical form itself. Especially the g-factor, the most complicated factor
appearing in our formula (1) as well as [9] and many others textbooks, will be natu-
rally made clear through our calculation. It relates strictly with graphical symmetry
properties of the diagram.
The outline of our work in this paper is as follows. In the second section, we
recall T-product expansions of interaction Lagrangians into N-products and introduce a
new definition of vertices and their factors in Feynman diagrams. This helps us simplify
our calculation because, for every interaction Lagrangian, we will find factors that really
contribute to the SFs and omit other unnecessary factors. The third section is devoted
to spinor QED case, the most simple case that contains spinor fields. As mentioned
in the abstract, we will show that in the spinor QED, the S-factor of an arbitrary
diagram at any order in pertubative expansion is always equal to 1. This is very
useful, for example, in calculating high order QED contributions to lepton Anomalous
Magnetic Moment (g − 2) [20]. We will also prove that spinor fields behave the same
as scalar complex fields. In addition, we will discuss in detail one interesting way
of practically determining the g factor from the geometric symmetries of a particular
Feynman diagram. In the next three sections some particular cases are illustrated
to point out that when calculating S-factor of a diagram, all well-known fields always
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belong to one of two classes mentioned above. In the last section, we will derive the final
formula of the S-factor for general cases. An expression for g factor is also presented
in order to determine it from connected diagrams of the total diagram. Examples of
the S-factors are illustrated in Appendices A and B.
2 Feynman diagrams and symmetry factors
Let us start using Wick’s theorem to expand T -products of interaction Lagrangians
into sums of N -products [1, 10]:
1. Real scalar φ3 theory:
Lrint(x) =
λ
3!
φ3(x),
1
3!
φ3(x) ∼ 1
3!
T
[
φ3(x)
]
= N
[
1
3!
φ3(x)
]
+
3
3!
φ(x)∆˙(x) (2)
where each ∆˙(x) ≡ φ(x)φ(x) corresponds to a bubble located at x-coordinate in
some Feynman diagram.
2. Real scalar φ4 theory:
Lrint(x) =
λ
4!
φ4(x)
1
4!
φ4(x) ∼ 1
4!
T
[
φ4(x)
]
= N
[
1
4!
φ4(x)
]
+
6
4!
N
[
φ2(x)
]
∆˙(x) +
3
4!
∆˙(x)∆˙(x).
(3)
3. Complex scalar ϕ4 theory:
Lcint(x) =
ρ
4
[ϕ(x)ϕ∗(x)]2,
1
4
[ϕ(x)ϕ(x)∗]2 ∼ 1
4
T [ϕ(x)ϕ(x)∗]2 = N
[
1
4
[ϕ(x)ϕ(x)∗]2
]
+
4
4
N [ϕ(x)ϕ(x)∗] ∆˙(x)
+
2
4
∆˙(x)∆˙(x). (4)
Each term in right hand sides (RHS) of (2), (3) and (4) changes into one particular kind
of vertex in the language of Feynman diagram. They are illustrated in Fig.1, where
propagators of real fields are represented as dash lines without directions (arrows),
while complex cases are represented as dash lines with directions. Vertices are different
from each others in numbers of lines and kinds of line they have. This is because terms
in RHSs of 2-4 are different in fields and contractions. Now, for a given interaction La-
grangian, we can show exactly all kinds of vertex in the theory. This is very important
for us to find out not only g factor relating with vertices but also contributory factors
of different kinds of vertex to S-factors. Vertices themselves have well-known factors
3
(a) Vertices of φ3 (b) Vertices of real φ4 (c) Vertices of complex ϕ4
Figure 1: Vertices of scalar theories
as vertex factors, which can be ignored due to the fact that S-factors are independent
on them.
Vertex factors, in scalar theories, are simply iλ or iρ, while in the others such as in
scalar electrodynamics or in quantum chromodynamics, where there exist interactions
containing derivatives, are more complicated. For our method, the S-factor determined
from (1) depends on values of factors, for example: 1/(3!) in φ3, of interacting terms
in Lagrangian. These factors are obtained by taking partial derivatives of respective
interacting terms. Furthermore, we need to write down each interacting term of the
Lagrangian in form of [vertex factor × T -product], then omit this vertex factor in our
calculation. The symmetry factor now depends only on T -product.
A general Feynman diagram derived from the expansion of a general Green’s
function consists of many connected pieces (subdiagrams) disconnected with each oth-
ers. We will call pieces connected vacuum diagrams if they have not any external legs
and connected external diagrams if they have at least one external leg [for example,
see Fig.A(a.10)]. Every connected subdiagram has its private S-factor. In this work,
we concentrate on only aspect of S-factor calculation. Other symmetries, such as the
charge conjugation under which diagrams in the QED with odd number of external
photon legs give vanishing contributions, are outside the scope.
Now we turn to theories of fields with high spins.
3 Symmetry factors in spinor QED
In spinor Quantum Electrodynamics (QED), the interaction Lagrangian of one
fermion field ψ is given by
LQEDint (x) = eqψ(x)γµψ(x)Aµ(x), (5)
where e is the electromagnetic coupling constant, q is the electric charge of fermion
ψ in units of positron charge and Aµ(x) is the electromagnetic field. For the sake of
brevity, from now on we will write L(x) instead of Lint(x).
The above Lagrangian has only one interacting term with a vertex factor [ieqγµ].
T -product expansion gives:
T
[
ψ(x)γµψ(x)Aµ(x)
]
= N
[
ψ(x)γµψ(x)Aµ(x)
]
+ ψ(x)γµψ(x)Aµ(x)
= N
[
ψ(x)γµψ(x)Aµ(x)
]
+ iSαβ (x)(γ
µ)βαAµ(x), (6)
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where S(x) is a fermion bubble.
The last expression in (6) has two terms corresponding to two kinds of vertices:
The first has one photon leg, one incoming and one outgoing electron leg. The second
has one photon leg and one fermion bubble. These vertices are illustrated in Fig.2.
(a) (b)
Figure 2: Vertices of QED
For simplicity in calculating, let us denote two terms in the LHS of (6) as follows:
a1 = N
[
ψ(x)γµψ(x)Aµ(x)
]
, a2 = iS
α
β (x)(γ
µ)βαAµ(x) ≡ iS(x)γµAµ(x) (7)
Thus, (6) is rewritten as:
T [ψ(x)γµψ(x)Aµ(x)] = a1(x) + a2(x) (8)
The n-point Green’s function GQED(x1, x2, ..., xn) of QED is defined as
GQED(x1, x2, ..., xn) =
∞∑
p=0
(−i)p
p!
∫
dy1dy2...dyp〈0|T [φ(x1)φ(x2)...φ(xn)
× L(y1)L(y2)...L(yp)] |0〉, (9)
where φ(x) implies a spinor ψ(x), ψ(x) or an Aµ(x). The pth-order term in this ex-
pression is:
GQED(p)(x1, x2, ..., xn) =
(−i)p
p!
∫
dy1dy2...dyp〈0|T [φ(x1)φ(x2)...φ(xn)
× L(y1)L(y2)...L(yp)] |0〉 (10)
Note that QED has some features different from scalar cases. The Lagrangian
of QED contains nonvanishing-spin fields, namely half-integer spin fields and spin-1
photon. Spinor fields follow anti-communication relations so when positions of these
fields are changed in a product, a minus sign will appear. However, it does not affect
the S-factors. Furthermore, every interacting term always has even number of spinor
fields so the value of total product in (10) is unchanged regardless positions of these
terms. This conclusion is correct for any theories. Then the method used in [14] can
again be used as we will discuss next.
In a resulting product [L(y1)L(y2)...L(yp)] of (10), all terms consisting of the
same numbers of ai, have the same contributions. Then the sum of these terms is
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presented as a product of single symbolic term multiplied by a factor deduced from the
multinomial formula:
(x1 + x2 + · · ·+ xr)p =
∑
p1,p2,...,pr
p!
p1!p2! · · · pr!x
p1
1 · · · xprr , (11)
with p1 + p2 + p3 + · · ·+ pr = p.
In case of QED, sum of all terms in (10) which have p1 factors of a1 and p2 factors of
a2 are all presented as product of a single term a
p1
1 a
p2
2 (p1 + p2 = p) multiplied by a
factor:
p!
p1!p2!
(12)
In order to do contractions between internal fields of ap11 a
p2
2 and external fields
φ(x1), φ(x2), ..., φ(xn), we write the T-product as follows:
〈0|T [φ(x1)φ(x2)...φ(xn)ap11 ap22 ]|0〉
= 〈0|T [φ(x1)φ(x2)...φ(xn)N [ψ(y1)γµ1ψ(y1)Aµ1(y1)]... (13)
× N [ψ(yr)γµrψ(yr)Aµr(yr)](−i)S(yr+1)γµr+1Aµr+1(x)...(−i)S(yr+s)γµr+sAµr+s(x)]|0〉
Performing contractions between fields, we rewrite (13) as a sum of terms con-
taining only contractions. The terms with similar contractions lead to the fact that a
total contribution of these terms can be presented as a product of a term (now cor-
responding to a Feynman diagram) multiplied by a new additional factor. This new
factor contributes to our S-factor and will be calculated by performing permutations
of propagators and vertices.
Let us concentrate on symmetries of (13) because this will help us count the
number of different terms having the same contribution. There are factors created by
two kinds of permutation: (i) permutation of propagators (lines) in each vertex and
(ii) permutation of vertices in one diagram. For propagator permutations, first, there
is no permutation in the vertex of type (a2) (figure 2.b) having only one leg. Second,
according to Wick’s theorem, each vertex of type (a1) has three different fields with
possibility of contraction with internal fields of other vertices or external fields. These
three contractions present as three different lines (see fig.2a). Again, there are no
permutations of these lines. Therefore the factor caused by propagator permutations
in any vertex is f1 = 1.
Next, consider symmetries (or equivalences) between vertices. Vertices in the
same kind, which play the same roles in doing contractions, will create distinguishable
terms with identical contributions. For QED, there are two types of vertex, number of
these terms is given by a factor:
f2 =
p1!p2!
g
(14)
Let us explain how to obtain this factor. (p1!p2!) is the permutation number of vertices
(p1 of a1 and p2 of a2) to get new terms, including repeatedly permutations. Factor
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g cancels the repeat, i.e., permutations are repeatedly counted. It will be more clear
when we discuss directly on Feynman diagrams.
Combining two factors of (12), (14) and the expanding factor (1/p!) in (10)
we get a total factor of a particular Feynman diagram appearing in (10):
1
S
=
1
p!
× p!
p1!p2!
× p1!p2!
g
=
1
g
(15)
Hence, in QED the symmetry factor is only g, the factor belongs to f2 factor.
It is more easy to understand g in language of Feynman diagram. We will see that g is
the number of repeatedly vertex permutations, i.e., the number of vertex permutations
that creates identical diagrams. Determining g is rather complicated because we have
to make clear relations not only between vertices themselves but also vertices and
propagators. Fortunately, we can exploit relations between permutation symmetries
and geometrical symmetries of a diagram to solve this problem. Further, g factor
of a general diagram can be established from gs of connected pieces. Therefore, to
determine g we just consider particular connected subdiagrams based on geometric
symmetries of itself. Let us illustrate this by some examples in Fig.3
(a) S = g = 1 (b) S = g = 2 (c) S = g = 4 (d) S = g = 6
Figure 3: Examples of symmetry factors in QED
Let us look at figures 3(b), (c) and (d). Figure (c) has only rotational symme-
tries of a square, and (d)-a regular hexagon, because fermion lines have directions. With
these three diagrams we can rotate (b) an angle 1800, (c) three angles 900, 1800, 2700
and (c)-k × 600, k = 2, ..., 5 to get the same diagrams as the origins. Clearly, the
number of rotative symmetries (including trivial rotation) is exactly equal to g factor
found in [2]. Let us go to other examples in figure 4. Diagram in figure 4a has three
identical fermion loops, lying on three vertices of a regular triangle, and three photon
propagators (no direction). Then g of the diagram is 3! = 6, is also equal to six sym-
metries of a regular triangle (two rotation symmetries, three axial and the identical).
In Fig.4b, there is no symmetry because of two fixed external propagators. Fig.4c has
three connected pieces: two external connected pieces do not contribute any factor
while the third (connected vacuum piece) causes a factor g = 2 by a 1800 rotation.
From the above discussion, all S-factors of diagrams in the QED given in Ref. [2], can
be derived. It is worth noting that in the case of spinor QED, all connected pieces
relating with external legs, have S = 1 because external legs cancel their geometrical
symmetries.
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(a) S = g = 6 (b) S = g = 1 (c)S = g = 2
Figure 4: Examples in calculation of symmetry factors
One more new important conclusion for this section is: in our calculation, fermion
fields behave exactly the same as complex scalar fields, except a minus sign for each
closed fermion line. For the photon Aµ, it has properties of a real scalar field as we will
prove in the next section. Thus S in (15) is a special case of formula (1). In appendix
A, S-factors of the QED up to fourth order are presented. Ours results are consistent
with those in [2].
4 Symmetry factors in scalar Quantum Electrody-
namics
In scalar Quantum ElectroDynamics (sQED), the interaction Lagrangian consists of
both Aµ and a complex scalar field:
LsQED(x) = ieqAµ(x)[ϕ∗(x)∂µϕ(x)− (∂µϕ∗(x))ϕ(x)] + e2q2Aµ(x)Aµ(x)ϕ∗(x)ϕ(x),(16)
where q is the electric charge of the complex scalar field ϕ. First, we pay attention to
the term with derivative. This term should be considered in momentum-space where
ϕ(x), ϕ∗(x) and Aµ(x) have respective momenta p, p
′ and k. If ∂pµ denotes that ∂µ acts
only on field having momentum p then we can rewrite:
[ϕ∗(x)∂µϕ(x)− (∂µϕ∗(x))ϕ(x)] ≡ (∂p − ∂p′)µ[ϕ∗(x)ϕ(x)] (17)
This definition helps us easily write down the vertex factor of derivative term in
momentum space as [ieq(p+ p′)µ].
T -product expansion of the Lagrangian into sum of N -products gives:
T
{
ieqAµ(x)[∂p − ∂p′ ]µ[ϕ∗(x)ϕ(x)] + e2q2Aµ(x)Aµ(x)ϕ∗(x)ϕ(x)
}
= ieq(∂p − ∂p′)µAµ(x)N [ϕ∗(x)ϕ(x)] + ieq(∂p − ∂p′)µAµ(x)∆˙(x)
+ e2gµνq2N [Aµ(x)Aν(x)ϕ
∗(x)ϕ(x)] + (2e2q2gµν)
1
2
N [Aµ(x)Aν(x)]∆˙(x)
+ (2e2q2gµν)
1
2
∆˙µν(x)N [ϕ
∗(x)ϕ(x)] + (2e2q2gµν)
1
2
∆˙µν(x)∆˙(x)
= [ieq(∂p − ∂p′)µ]a1 + [ieq(∂p − ∂p′)µ]a2 + (2e2q2gµν)1
2
a3
+ (2e2q2gµν)
1
2
a4 + (2e
2q2gµν)
1
2
a5 + (2e
2q2gµν)
1
2
a6, (18)
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where
a1 = Aµ(x)N [ϕ
∗(x))ϕ(x)]
a2 = Aν(x)∆˙(x)
a3 = N [Aν(x)Aµ(x)ϕ
∗(x)ϕ(x)],
a4 = N [Aν(x)Aµ(x)]∆˙(x),
a5 = ∆˙µν(x)N [ϕ
∗(x)ϕ(x)],
a6 = ∆˙µν(x)∆˙(x). (19)
As before, here we have denoted ∆˙µν(x) ≡ Aµ(x)Aν(x). Let us explain a reason for
the factor 1
2
associated with ai, i = 3, 4, 5, 6. As mentioned in section 2, we have
to write: [e2q2Aµ(x)A
µ(x)ϕ∗(x)ϕ(x)] = [(2e2gµν)] × [1
2
Aµ(x)Aν(x)ϕ
∗(x)ϕ(x)] because
[(2e2gµν)] is well-known vertex factor in literature so the factor 1/2 (where 2 is derived
by taking derivatives of [Aµ(x)A
µ(x)ϕ∗(x)ϕ(x)] with respect to all fields) is needed for
our method. We note that the photon Aµ is real field. Factors ieq(∂
p − ∂p′)µ and
(2e2q2gµν) are vertex factors, we again ignore them. The vertices in (19) are illustrated
in Fig.5. Applying (11), each term of the total Green’s function of scalar QED is
product of [ap11 a
p2
2 a
p3
3 a
p4
4 a
p5
5 a
p6
6 ] and a factor f1:
p!
p1!p2!p3!p4!p5!p6!
ap11 a
p2
2
[
a3
2
]p3 [a4
2
]p4 [a5
2
]p5 [a6
2
]p6
= f1a
p1
1 a
p2
2 a
p3
3 a
p4
4 a
p5
5 a
p6
6 ,
f1 =
p!
2p3+p4+p5+p6p1!p2!p3!p4!p5!p6!
. (20)
Now, as an example, we investigate contractions of a vertex of type a3 with other
vertices. This vertex has two identical lines, so that in some case we can change roles
of these two lines to create new terms.
(a1) (a2) (a3) (a4) (a5) (a6)
Figure 5: Vertices of scalar QED
Each vertex of kind a1 or a6 has different fields, a5 has no relation with other
vertices. Vertices a3 and a4, each has two identical lines. All different contractions of
a1,2,3,4,5,6 create a new factor:
f2 =
2p32p4∏
n(n!)
αn
, (21)
where n and αn were mentioned in (1).
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Next, similar to QED case, a factor caused from making contractions of vertices
is given by:
p1!p2!p3!p4!p6!
g′
= f3, (22)
where g′ is number of vertex permutations of types a1,2,3,4 and a6 creating identical
diagrams. Then, the total factor is:
f =
1
S
=
1
p!
f1f2f3
=
1
p!
p!
2p3+p4+p5+p6p1!p2!p3!p4!p5!p6!
2p32p4∏
n(n!)
αn
p1!p2!p3!p4!p6!
g′
=
1
g2p5+p6
∏
n(n!)αn
, (23)
where g = g′p5! now is different from g
′-permutation number of all vertices. We note
that g5! related with a5 now is included in g. It is easy to realize that the quantity β
that appears in Eq. (1) is given by p5 + p6 for this case.
From (23) we come to following conclusions:
1. a2 and a4 do not contribute to β. Remember that this important property of
complex scalar fields leads to the discrimination against real ones. Also, non self-
conjugate bubble in a5 does not create any new factors. a5 in β therefore comes
from bubbles of Aµs. As a consequence, we conclude that Aµs play equivalent
roles to real scalar fields.
2. Although this theory contains vertex a5 with two different bubbles, the factor 2
d
does not appear. Clearly, d is only the number of vertices with double identical
bubbles. This new result is very important for theories with many different fields
such as [φ2ϕ2]. .
Our formula can be verified by results of Ref. [3].
5 Symmetry factors in QCD
The Lagrangian in the QCD is given by
LQCD =
3∑
i=1
ψ(iDµγ
µ −m)ψ − 1
4
F aµνF
aµν , (24)
where Dµ = ∂µ−igStaAaµ, tas are representation matrices of SU(3)C , and ta = λa2 for the
basic representation, F aµν = ∂µA
a
ν − ∂νAaµ+ gSfabcAbµAcν . The indices a, b, c = 1, 2, ..., 8,
ψ has three color components: ψ = (ψR, ψG, ψB)T , Aaµs are gauge gluon fields.
Expanding the above Lagrangian, we have an interaction lagrangian:
LQCDint = gSψγµtaψAaµ − gSfabc(∂µAaν)AµbAνc −
1
4
g2S(f
eabAaµA
b
ν)(f
ecdAµcAνd) (25)
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We emphasize that QCD is different from QED, gluon gauge fields of QCD Aaµs are
labeled by a color quantum number a and belong to adjoint representation of SU(3)C .
But all of Aaµs are real fields, or self-conjugate fields. Since quarks carry colors so gluons
must carry them too and physical gauge fields are combinations of Aaµs. However, due
to the assumption that all observed particles only are color singlet, we can work with
just Aaµs [17]. It is easy to see that the first interacting term identifies with T-product.
Hence, we can write this T -product in terms of sum of N -products [17]:
T{ψ¯γµtaAaµψ} = N [ψ¯γµtaAaµψ] +N [ψ(x)γµtaAaµψ(x)]
= [ψ¯γµtaAaµψ] + iS
i,α
k,β(x)(γ
µ)βα(t
a)kiA
a
µ, (26)
where α, β are Dirac indices, and i, k are SU(3)C ones. For the third term of (25),
firstly we rewrite it in new form [17]:
1
4
(f eabAaµA
b
ν)(f
ecdAµcAνd) =
[
f eabf ecd(gµαgνβ − gµβgνα)
+ f eacf ebd(gµνgαβ − gανgµβ)
+ f eadf ecb(gµαgβν − gβαgµν)
]
×
[
1
4!
AaµA
b
νA
c
αA
d
β
]
(27)
Next we choose T-product of this term as 1
4!
T
[
AaµA
b
νA
c
αA
d
β
]
. The rest is vertex factor.
Then we will get:
1
4!
T (AaµA
b
νA
c
αA
d
β) =
1
4!
N [AaµA
b
νA
c
αA
d
β] +
6
4!
AaµA
b
ν N [A
c
αA
d
β ]
+
3
4!
AaµA
b
νA
c
αA
d
β . (28)
We see that (28) is a part of (27) which brings out S-factors. This part is almost
identical with the expansion of real scalar theory (3), except indices a and µ of gluon
fields. However these indices are quiet. Four field components Aaµ, A
b
ν , A
c
α and A
d
β are
the same after doing contractions to form internal lines without directions. Hence, we
can consider them as four identical real scalar fields. Thus, the S-factor formula of this
case is also given by the formula (1).
The second term in (25) contains derivatives, so it is easier to work in momentum-
space. In this space, if we denote momentum of Aaν , A
b
µ and A
c
σ correspond to p, k and
q then we can write ∂αAaν ≡ (∂αp )Aaν , etc..., namely:
fabc(∂µAaν)A
b
µA
νc ≡ fabc(∂µp )(AaνAbµbAcσ)gσν , (29)
in sense that ∂µp does not operate on any fields except those having momentum p.
Now (29) can be rewritten in the form [17]:
fabc(∂µAaν)A
b
µA
νc = fabc[gµν(∂p−∂k)σ+gµσ(∂k−∂q)ν+gσν(∂q−∂p)µ]×
[
1
6
AaνA
b
µA
c
σ
]
(30)
Again, the first factor in (30) is the three-gluon interaction vertex factor in momentum-
space and the second, the T-product, is the same as interacting term of ϕ3 real scalar
theory.
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In conclusion for calculating S-factor of QCD, all fermion fields can be consid-
ered as scalar complex fields, and gluon fields play the roles of real scalar fields. Then,
the formula (1) is applicable to the QCD. Some examples are given in Fig.6. These
results also agree with those given in Ref. [10] and [16].
a. α2 = 1, g = 1
S = 2! = 2
b. α3 = 1, g = 1
S = 3! = 6
Figure 6: Examples of S-factors in QCD
6 An example of Standard Model
Now we turn to the Standard Model. Let us consider a particular coupling between
W with charged currents:
LCCf =
g√
2
[
W+µ J
+µ +W−µ J
−µ
]
=
3∑
i=1
g
2
√
2
{
W+µ [ν¯iγµ(1− γ5)ei + u¯iγµ(1− γ5)di]
+ W−µ
[
e¯iγµ(1− γ5)νi + d¯iγµ(1− γ5)ui
]}
(31)
This Lagrangian has twelve terms in the same form as g/(2
√
2)ψ¯γµ(1− γ5)ψ′W µ
in which all terms have the same vertex factor [g/(2
√
2)γµ(1 − γ5)]. By our choice,
T-products have form ψ¯ψ′W µ. It is very simple to calculate because T -product is equal
to N -product. In similarity with the case of QED, we easily prove thatW field behaves
the same way as a complex scalar field.
Our analysis leads to a general principle: interactions such as given in (31),
Yukawa couplings, etc, are similar to interactions in the spinor QED. Hence we conclude
that: S-factors of all external connected (sub-)diagrams containing only vertices with
three different fields, are equal to unity. Illustrations can be found in appendix B. We
must remember that W boson is complex scalar-like, in S-factor calculation, although
in diagrams we do not draw its propagator direction.
It is emphasized that Majorana neutrinos belong to real scalar-like. For more
details, interested readers can find in Refs. [18, 19].
7 The vacuum diagrams factorization
Every Feynman diagram consists of two kinds of well-known connected pieces,
namely external connected and vacuum connected subdiagrams. One diagram may
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include many identical vacuum connected pieces. Conversely, all external connected
pieces are different from each others because they connect to different external legs.
Each piece has its private S-factor which is independent on the others.
It is interesting that the S-factor of a total diagram can be presented as a
product of private S-factors of connected pieces, that is well known vacuum diagrams
factorization. These private S-factors can be clearly evaluated from our analysis. If
there are i different kinds of connected piece (easily classified by geometric properties)
then we can label an index i for any thing related with a piece of the ith kind, such
as gi, βi, di, ni, αni without losing original meanings of g, β, d, α. Then, each connected
piece of kind ith contributes a factor Si to the total S-factor:
Si = gi2
βi2di
∏
ni
(ni!)
αni , (32)
which is the same as (1) except an extra index i. Each set consisting of all ki indistin-
guishable pieces (pieces in kind ith) causes a factor [ki!(Si)
ki]. The total S-factor now
is presented as a new expression:
S =
∏
i
[ki!(Si)
ki] =
∏
i
[ki!(gi)
i]× 2
∑
i
kiβi × 2
∑
i
kidi ×∏
i
∏
ni
(ni!)
αni (33)
Comparing with (1) we have β =
∑
i kiβi, d =
∑
i kidi and the factor
∏
i
∏
ni
(ni!)
αni
can be replaced by
∏
n(n!)
αn , where αn =
∑
i kiαni because (n, n1, n2, ... = 1, 2, 3, ...)
are running indices. Especially, the relation between g and gis:
g =
∏
i
[ki!(gi)
ki], (34)
can help us practically calculate g from gis. The most convenient property of gi is that
it is equal to the number of graphical symmetry transformations of a connected piece
in the ith kind.
In practice, αn, d and β can directly be deduced from the particular graphical
properties of diagram itself. Taking into account of (34), we determine g from gi.
To see the vacuum factorization, from (33), we group all factors related with
connected vacuum pieces (private S-factors, Sis, and factors ki!-rising from ki identical
pieces) in a single factor called vacuum symmetry factor Sv and the remaining-external
connected ones in another factor Sc , then the S-factor of the diagram is divided into
two factors S = Sv×Sc. If we sum all of total diagrams in all orders with their S-factors
we will receive results mentioned in Refs. [9, 10].
(a) g = 1;α2 = 2
S = 4
−→
(b) S = 1 (c) g = 1;α2 = 2
S = 4
Figure 7: S-factors for diagrams with different propagator directions
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One more remark we point out here: normally, when drawing a diagram, we just
pay attention to directions of momenta while omitting directions of propagators (for
example, W boson). This makes us confused in counting β and we may lose some
diagrams because there are diagrams differing only in directions of propagators. For
example, with self-interacting term of W boson we have a diagram without directions
of propagators in figure 7.a which has the same S-factor as the one in figure 7.c -the
figure including charged transition directions of W (not direction of momentum). But
in case of this directional field, there is another different diagram in figure 7.b which
does distinguish from the one in figure 7.c by only their directions of lines. Both of
them have same contributions but different S-factor values. The S-factor now is related
with not only figure 7.a or 7.c but also with both of 7.b and 7.c [14]. For simplicity, we
can define a diagram without directions in lines, and call it equivalent diagram. This
kind of diagram stands for all diagrams which have the same geometrical shape and
contribution but are different in directions of lines. Then the S-factor of a equivalent
diagram is different from usual: it is S-factor for the total contribution and the inverse
of this factor is the sum of inverse ones of directional diagrams.
To determine S-factor of an equivalent diagram (for example, see, Fig.7a), we
have to find out S-factors of all possible directional diagrams coming from this non-
directional diagram, and denote S-factors S1, S2, ..., respectively. Then the S-factor of
the equivalent diagram is obtained as follows:
1
S
=
∑
n
1
Sn
. (35)
One of our new results that has never been mentioned before: All well-known
formulas for S-factors, including our formula in this paper, only work on directional
diagrams where all directions of complex scalar-like fields are pointed out. For example,
in (35) our calculation is only used for Sn, not for S. From now on, our formula implies
S-factor of Sn.
8 Conclusion
Based on cases illustrated above, we conclude that our calculation does not depend
on the spins of fields. It only depends on whether fields presenting a particle and its
anti-particle are identical or not. In other words, the class of fields is very important in
our calculation of S-factors. We have two classes of field, real scalar-like and complex
scalar-like, as mentioned in the second section. For practical calculation, in Table 1 we
list some known fields.
Now, as our main result, we introduce a general formula of symmetry factor
for Feynman diagrams of theories containing many different fields with any spin values.
Although it has the same form as the formula for scalar theories (1)
S = g2β2d
∏
n
(n!)αn , (36)
definitions of αn, d and β are generalized. They are redefined as:
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Table 1: Classification of fields
Real scalar-like Complex scalar-like
Real scalar complex scalar
Photon Aµ spinor Dirac field
Z boson W boson
Gluon Ghost
Majarona fields
• αn is the number of sets of n identical lines connecting the same pairs of ver-
tices(there may be more than such one sets in one vertex pair).
• d is the number of vertices with two identical bubbles.
• β is sum of all self-conjugate bubbles coming from self-conjugate fields (β vanishes
if all fields in the theory belong to non-conjugate fields).
• g is the number of vertex permutations keeping the diagram topologically un-
changed.
We must emphasize that the most important goal of our work is to find out the general
definitions of these parameters in common case. They are more general than [9, 14]
and others.
The most important thing: formula (36) is applicable to diagrams where all
directions of propagators are showed (although they may not be drawn in diagrams).
We remind one interesting property of our result: The diagrams with different
topologies can contribute the same, and the inverse symmetry factor for the total
contribution is therefore the sum of the inverse symmetry ones, i.e., 1/S =
∑
i(1/Si).
We have showed that the S-factors of all external connected diagrams containing
vertices with three different fields such as interactions in spinor QED, Yukawa cou-
plings, etc, are equal to unity (S = 1). This conclusion is also correct for all diagrams
consisting of only vertices with different legs.
We recall that determining the symmetry factor is important because it not
only is an important component of modern quantum field theory, but also is used to
calculate effective potentials in higher-dimensional theories and cosmological models.
Our formula works on all of these.
Acknowledgments
The authors thank P. V. Dong for useful discussions. Especially, the authors thank
Prof. Palash B. Pal for careful reading and corrections. This work was supported in
part by the National Foundation for Science and Technology Development (NAFOS-
TED) under grant No: 103.01-2011.63.
15
References
[1] A. N. Vasil’ev, Functional methods in Quantum Field Theory and Statistics,
Leningrad University Press, (1976).
[2] A. Pelster, H. Kleinert and M. Bachmann, Annals Phys. 297: 363, 2002,
hep-th/0109014; M. Bachmann, H. Kleinert and A. Pelster, Phys. Rev. D 61:
085017 (2000), hep-th/9907044.
[3] H. Kleinert, A. Pelster and B. V. d. Bossche, Physica A312 (2002) 141,
hep-th/0107017.
[4] A. Pelster and H. Kleinert, Physica A323 (2003) 370, hep-th/0006153; B. Kas-
tening, Phys. Rev. D54, 3965 (1996), hep-ph/9604311; B. Kastening, Phys. Rev.
D57, 3567 (1998), hep-ph/9710346; B. Kastening, Phys. Rev. E 61 3501 (2000),
hep-th/9908172; (for scalar).
[5] H. Kleinert, A. Pelster, B.Kastening and M. Bachmann, Phys. Rev. E62 (2000)
1537 , hep-th/9907168(phi4+phi2A).
[6] http://www.physik.fu-berlin.de/kleinert/294/programs.
[7] P. Nogueira, J. Comput. Phys. 105, 279 (1993); http://gtae2.ist.utl.pt/pub/qgraf
[8] J. Ku¨lbeck, M. Bo¨hm, and A. Denner, Comput. Phys. Com-
mmun. 60, 165 (1991); T. Haln, [arXiv:9905354(hep-ph)];
http://www-itp.physik.uni-karlsruhe.de/feynarts.
[9] T. P. Cheng and L. F. Li, Gauge theory of elementary particle physics, Clarendon
press, 1984.
[10] M. E. Peskin and D. V. Schroeder, An Introduction to Quantum Field Theory,
Addison-Wesley Publishing (1995), pages 523-526.
[11] L. H. Ryder, Quantum field theory, 2nd edition, Cambridge University Press,
(1998).
[12] M. Kaku, Quantum Field Theory, A Modern Introduction, Oxforrd University
Press (1993).
[13] W. Greiner, J. Reinhardt, Field Quantization, Springer(1996), page 256,257.
[14] P. V. Dong, L. T. Hue, H. T. Hung, H. N. Long and N. H. Thao,” Symmetry
factors of Feynman diagrams for scalar theories”, Theor. Math. Phys., 165, No.2,
1500 (2010), arXiv:0907.0859[hep-ph].
[15] H. Kleinert and V. Schulte-Frohlinde, ”Critical propersties of φ4-Theories”,
World Scientific, Singapore 2001.
[16] F. J. Yndura´in, The theory of Quark and Gluon interactions, Springer, 4th edi-
tion, Appendix D.
16
[17] D. Bailin and A. Love, Introdution to gauge field theory, University of Sussex
Press, Bristol and Philandephia (1986), revised edition, page 127-128.
[18] A. Denner, H. Eck, O. Haln and J. Ku¨blbeck, Phys. Lett. B 291, 278 (1992).
[19] Palash B. Pal, Dirac, Majorana and Weyl fermions, arXiv:1006.1718 [hep-ph].
[20] T. Konishita (Editor), Quantum Electrodynamics, Advanced Series on Directions
in High Energy Physics, Vol. 7 (World Scientific, Singapore, 1990) ; T. Aoyama,
M. Hayakawa, T. Kinoshita, and M. Nio, Phys. Rev. D 78, 113006 (2008); T.
Aoyama, M. Hayakawa, T. Kinoshita, M. Nio, Phys. Rev. D 82, 113004 (2010).
17
A Examples of Feynman diagrams in QED up to
fourth order.
(a1) S = g = 1 (b1) S = g = 1 (c1) S = g = 2
(a2) S = g = 1 (b2) S = g = 2 (c2) S = g = 2 (d2) S = g = 1
(a3) S = g = 1 (b3) S = g = 1 (c3) S = g = 1/2
(a4) S = g = 1 (b4) S = g = 2 (c4) g1 = 2; S = 2!(g1)
2 = 8
(a5) S = g = 1 (b5) S = g = 1 (c5) S = g = 1
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(a.6) g1 = 2, k1 = 2
S = g = 2!(2)2 = 8
(b.6) S = g = 2 (c.6) S = g = 1
(a.7) S = g = 1 (b.7) S = g = 1 (c.7) S = g = 1
(a.8) S = g = 1 (b.8) S = g = 2 (c.8) S = g = 1
(a.9) S = g = 2 (b.9) g1 = g2 = 2; k1 = k2 = 1
S = g = g1g2 = 4
(c.9) S = g = 2
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(a.10) S = g = 2 (b.10) S = g = 1 (c.10) S = g = 4
(a.11) S = g = 2 (b.11) S = g = 2 (c.11) g1 = 2, k1 = 2
S = g = 2!22 = 8
(a.12) S = g = 1 (b.12) S = g = 1 (c.12) S = g = 1
(a.13) S = g = 2 (b.13) S = g = 8 (c.13) S = g = 1 (d.13) S = g = 1
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B Examples of Feynman diagrams in SM up to
tenth order: µ− → νµ + e− + ν˜e.
This case we must remember that all W-boson lines are directional, thought we don’t
draw.
µ νµ
ν˜e
e
(a.14) S = 1
µ νµ
ν˜e
e
(b.14) S = 1
µ
µ
νµ
ν˜e
e
(c.14) S = 1
µ νµ
ν˜e
e
(a.15) S = 1
µ νµ
ν˜e
e
(b.15) S = 1
µ νµ
ν˜e
e
e
(c.15) S = 1
µ νµ
ν˜e
e
(a.16) S = 1
µ νµ
ν˜e
e
(b.16) S = 1
e
µ
µ
νµ
ν˜e
e
(c.16) S = 1
µµ
µ νµ
ν˜e
e
(a.17) S = 2
µ
µ
νµ
ν˜e
e
(b.17) S = 1
µ
µ
νµ
ν˜e
e
(c.17) S = 1
µ νµ
ν˜e
e
(a.18) S = 1
µ νµ
ν˜e
e
(b.18) S = 1
e
µ νµ
ν˜e
e
(c.18) S = 1
µ
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ee
µ νµ
ν˜e
e
(a.19) g1 = 1, k1 = 2
S = 2
µ
e
νµ
ν˜e
e
(b.19) S = 1
µ
e
νµ
ν˜e
e
(c.19) S = 1
eµ
µ νµ
ν˜e
e
(a.20) g1 = g2 = 1
s = 1
k1 = k2 = 1
µµ
µ
µ νµ
ν˜e
e
S = 3! = 6
(b.20) g1 = 1, k1 = 3
µ
e e
e
νµ
ν˜e
e
S = 6
(c.20) g1 = 1, k1 = 3
µe
e
µ νµ
ν˜e
e
(a.21) g1 = g2 = 1
k1 = 2, k2 = 1
S = 2
µ
µ e
νµ
ν˜e
e
(b.21) S = 1
µ
µe
νµ
ν˜e
e
(c.21) S = 1
µµ
e
µ νµ
ν˜e
e
(a.22) S = 2
µ
µ e
νµ
ν˜e
e
(b.22) S = 1
µ
µe
νµ
ν˜e
e
(c.22) S = 1
µ
e
µ
e
µ νµ
ν˜e
e
(a.23) g1 = g2 = 1
k1 = k2 = 2
S = 4
µ
e e
eµ
νµ
ν˜e
e
(b.23) g1 = g2 = 1
k1 = 3, k2 = 1
S = 6
µ
ee
ee
νµ
ν˜e
e
(c.23) g1 = 1, k1 = 4
S = 24
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